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1 Introduction
From the 17th century and till this day mathematics and physics have
been closely linked. However, the nature of this link has been considered
differently by different mathematicians, physicists and philosophers.
I shall begin this paper with a discussion of the nature of the interaction
between the two subjects and continue with some examples of such
interactions from the 19th and 20th century. The examples will be taken
from my earlier research on Joseph Liouville, Heinrich Hertz and the
prehistory of the theory of distributions.
2 Application of mathematics to physics
The interaction between mathematics and physics is usually described as
an application of mathematics to physics. This asymmetrical description
of the relationship is justified in the sense that mathematics provides
a precise and quantitative language to describe (understand) physical
phenomena and even to predict new phenomena. And indeed, applica-
tions of mathematics to physics are more common than applications of
physics to mathematics, although one can find examples of the latter.
Still, the relation between the two subjects is often misrepresented as
an interaction between two independent fields similar to a Stone Age
man’s application of a stone to crack an oyster. Here the stone and the
oyster have developed rather independently of each other and nothing
would prevent the one from existing without the other. However, as I
shall try to argue in this paper, the application of mathematics to physics
is much more like the application of a screwdriver to a screw. Here the
screw and the screwdriver have developed together and the one would
be unthinkable without the other. Similarly, mathematics and physics
have developed in close and continuous interaction and their present
form is clearly marked by this close connection.
2.1 The nature and development of mathematics
Mathematics is often characterized as an a priori creation of the human
intellect, untainted by external factors such as the behavior of nature.
This view of mathematics is probably philosophically defendable, in
particular if one adheres to a formalistic philosophy of mathematics
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according to which mathematics is a game played within mathematical
structures. In this game one starts from arbitrary (but hopefully
consistent) axioms and then uses some (arbitrary) rules of inference to
deduce theorems in a cumulative process. Such a view of mathematics
has no need for external input. On the contrary, external input is more
likely to be seen as potentially dangerous diverting factors that may lead
the rigorous process astray.
Yet, during the last half century a growing number of philosophers
have called attention to the unsatisfactory nature of the formalistic
philosophy of mathematics. In particular it has been noticed, that
this philosophy cannot account for the development of mathematics
because it gives no idea of the forces driving the development. In
order to understand the dynamics of the development of mathematics,
philosophers have turned to history.
One of the first and probably the most famous of these historically
inspired philosophers of mathematics is Imre Lakatos. In his Proofs
and Refutations1 he describes the development of mathematics as a
dialectic process. It starts with a conjecture, continues with a proof
that establishes the conjecture or a variation of it as a theorem. Then
often follows a refutation mostly in the form of a counterexample leading
to a new refined conjecture, after which the process can repeat itself.
With this description of the development of mathematics Lakatos takes
exception to the idea of a cumulative development of mathematics. Still,
he describes the development as a highly internal affair. The original
conjecture may be suggested by external facts, but the subsequent
dialectic process is described as a purely mathematical one. The
internal nature of the process is highlighted by the closed confines
of the classroom which Lakatos has chosen as the scene of his rational
reconstruction.
There are probably areas of very pure mathematics such as number
theory (before RSA coding) that has developed according to a purely
internal mathematical dynamics, but many (or most) of the mathematical
theories that are useful in physics (much of analysis and geometry) have
developed in close connection with physics. Of course there is also a
great deal of purely internal mathematical dynamics in the development
1 Lakatos 1976
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of applicable mathematical theories, but even a few occasional pushes
from outside may contribute decisively to the overall course of the
development.
Thus the idea of a completely a priori field of mathematics that
suddenly turns out to be applicable to the description of nature is often
a myth.
2.2 The nature of physics
Similarly physics depends on mathematics. Of course it is reasonable
to assume that nature exists independently of us and indeed there are
physical phenomena that are describable without mathematics (e. g.
phenomena of colors and Ørsted’s experiment). But physics as it has
developed in western civilizations is mostly a mathematical description
of the world. Even the entities that the physicist tries to describe are for
a great deal of a mathematical nature. Basic concepts such as time, space
and mass may arguably be said to be non-mathematical in nature, but
their quantification relies on simple arithmetic. And the formation of
more complex entities has required more complex mathematics. Take for
example the concept of velocity. Just the idea of the velocity Δx/Δt of a
uniform motion could only be formulated after one had overcome the
Greek convention that only quantities of the same kind could have a ratio.
And the precise formulation of the concept of an instantaneous velocity
of a non-uniform motion developed hand in hand with differential
calculus.
Similarly, energy was only conceptualized in the mid-19th century
after it had been noticed that most forces of nature could be written as the
gradient of a potential function, and after it had been noticed that if one
changed the sign on this function it was a quantity similar to the vis viva
∑ 12mv
2. Indeed the sum of the two was often preserved (conservation
of energy). Thus it required rather sophisticated mathematics to
conceptualize the notion of energy that today we may consider a rather
elementary physical notion.
So when we say that mathematics is the language that allows us to
formulate the laws of nature, we must also admit that the concepts
whose properties are described by these laws are often saturated with
mathematics from the beginning. So the idea of a non-mathematical
LÜTZEN: Examples and Reflections on the Interplay between Math. and Physics 21
realm of physics to which mathematics can be applied is likewise often
a myth.
2.3 Encounters of mathematics and physics
So rather than talking about application of mathematics to physics it
would be better to talk about encounters of the two subjects. A piece
of mathematics meets a piece of physics; they interact and out comes a
new mathematical description (model) of this piece of physics. In most
cases the interaction also leads to a development of the ingoing piece of
mathematics as well as the more general view of physics.
In the rest of this paper I shall give some examples from the 19th and
20th century of such meetings of mathematics and physics. In most of
the cases I shall highlight the changes that mathematics underwent as
a result of the meetings. Only in the case of Hertz’s mechanics I shall
discuss the more obvious change of physical theory.
3 The mathematics of Joseph Liouville.
Early and mid-19th century
During the period 1770 – 1840 when Paris was the undisputed center of
mathematical research the view of mathematics was generally highly
applied. It is symptomatic that the highest mathematical education of
the period was given at an engineering school: the École polytechnique.
At this school Joseph Liouville got his basic training in mathematics
and physics. In accordance with the philosophy of the school he later
emphasized that the most interesting results of mathematics are indebted
to physics and in particular to mechanics. In fact he contributed to many
applied areas of mathematics and mathematical physics in particular
to potential theory and mechanics, in which fields one still mentions
several theorems named after him2. However, rather than discussing
Liouville’s contributions to applied mathematics I shall in this paper
discuss some of his contributions to pure mathematics that were inspired
by physics.
2 For a discussion of these and other aspects of Liouville’s mathematics and career see
Lützen 1990.
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3.1 Electro-statics and conformal mappings
In 1848 Liouville formulated a theorem which is now named after him:
Liouville’s theorem: Any conformal (i. e. angle preserving) map from space
into space is composed of displacements and inversions in spheres.
An inversion in a sphere is a mapping that maps the inside of a sphere
(with radius R) onto the outside and vise versa in such a way that a point
at a distance r from the center is mapped into a point with a distance
R2/r from the center and on the same radial line.
Liouville had learned about this mapping from the young William
Thomson (later enobled as Lord Kelvin) who visited Paris in 1845.
While in Paris Thomson discussed electromagnetism with Liouville who
asked him to write a paper on Michael Faraday’s new electromagnetic
discoveries. The aim was to find out if Faraday’s field theory could
be brought into line with André-Marie Ampère’s mathematical theory.
When they met Thomson also explained his idea of what he called
electrical images to Liouville. His idea was to use an inversion in a
sphere to transform one electrostatic problem into another one that
could more easily be solved. When he returned to Cambridge Thomson
committed his ideas to paper in a series of letters to Liouville who
published them in his Journal de mathématiques pures et appliqués also
called Liouville’s Journal.3 To these letters Liouville appended a lengthy
note of his own in which he systematically studied the mathematical
properties of inversions in spheres.4 For example he explained how the
important differential operators of physics transform under this mapping
and he proved that the mapping is conformal. In a one page note of 1850
he finally announced that conversely all conformal mappings can be
obtained as compositions of displacements and inversions in spheres5.
He published the proof of the theorem in a note in his edition of Gaspard
Monge’s Application de l’analyse à la géométrie.6
In this way Thomson’s research on electrostatics led Liouville to dis-
cover his celebrated purely geometric result about conformal mappings.
3 Thomson 1845a,b, 1847
4 Liouville 1847
5 Liouville 1850a
6 Liouville 1850b
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Many of Liouville’s other investigations in geometry was likewise
inspired by physics in particular Hamilton-Jacobi mechanics. For
example he found new properties of geodesics on various surfaces
by considering them as trajectories of a point moving on the surface.
In general his works on surface theory was strongly inspired by Carl
Friedrich Gauss’ Disquisitiones generales circa superficies curvas7 which
was in turn inspired by Gauss’ work as a surveyor.
3.2 Spectral theory of a class of integral operators
An even more remarkable but less celebrated theory that Liouville
developed as a result of input from physics was a spectral theory of
operators of the form
A(ς)(x) =
∫∫
S
ζ(x′)
|x − x′| l(x
′)dω′,
where x and x’ are points on a closed surface S in space, ζ is a function
defined on this surface, and l is a given function on the surface repre-
senting the equilibrium distribution of charge on the surface. Liouville
developed this theory during the years 1845 and 1846. Also in this
case Thomson played a crucial role: He had brought a copy of George
Green’s now famous, but then completely unknown, Essay8 with him to
Paris and this inspired Liouville to take up some of his earlier potential
theoretic ideas.
In particular he returned to some of the results he had obtained while
working with equilibrium surfaces of rotating masses of fluids (rotating
fluid planets). In this area Carl Gustav Jacob Jacobi had surprised the
mathematical world in 1834 when he announced that in addition to the
well known Maclaurin ellipsoids of revolution there also existed three
axial ellipsoids that were in equilibrium. Liouville immediately proved
the correctness of Jacobi’s claim.9
Eight years later he undertook a more thorough investigation of the
behavior of the equilibrium surfaces and published a note about their
7 Gauss 1828
8 Green 1828
9 Liouville 1834
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shape as a function of the angular momentum.10 However this note only
contained a small fraction of his results. In particular he investigated
the stability of the equilibrium figure. He showed that if the angular
momentum of the planet is so large that there exist both a Maclaurin
and a Jacobi ellipsoid then the Jacobi ellipsoid is stable whereas the
Maclaurin ellipsoid is unstable. This striking result was published in
a short note in the Comptes Rendus but the proof was not published at
the time.11 However when he returned to potential theory in 1845 – 46
Liouville published some of his results about Lamé functions that had
been instrumental in his proof.
He realized that these results would allow him to solve a variant of
the Dirichlet problem for an ellipsoid, a problem he had encountered
in Gauss’s Allgemeine Lehrsätze.12 He also discovered that the essential
property of the Lamé functions was a certain integral identity that he
could generalize to arbitrary closed surfaces. That is how he was led to
the study of the eigenvalues of the operator mentioned above:
“The functions ζ, mentioned above, are then defined by equations
of the form
∫∫ l′ζ ′ dω′
Δ
= mζ,
where m is a constant that changes when one passes from one
function to another. After having studied the matter I do not
hesitate to regard the functions ζ as being of the utmost importance
in analysis.”13
Liouville argued for the existence of these eigenfunctions using a
variational technique that was later called the Rayleigh-Ritz method
and he proved many of their important properties. For example he
proved that eigenfunctions corresponding to different eigenvalues are
orthogonal in a certain sense, and he argued that an arbitrary function
on the surface could be expanded in a “Fourier”-series expansion of
eigenfunctions. These results anticipated many later developments by
10 Liouville 1843a
11 Liouville 1843b. A reconstruction of the argument based on Liouville’s unpublished
notes can be found in Lützen 1990, pp. 477 – 512.
12 Gauss 1840
13 Liouville 1845a
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about 40 years. Still, though Liouville was convinced of the importance
of these eigenfunctions, he did not publish his very remarkable inves-
tigations. Only one small note in which Liouville generalized some of
his results to a larger class of symmetric operators were published at the
time.14
3.3 Heat and Sturm-Liouville theory
Where Liouville’s spectral theoretical results about integral operators
remained unpublished his earlier results about spectral theory of differ-
ential operators have become famous. They were developed in the 1830s
in collaboration with his friend Charles François Sturm. Their starting
point was Joseph Fourier’s and Siméon Denis Poisson’s theories of heat
conduction in homogeneous materials and the resulting mathematical
theory of trigonometric series.15 They wanted to generalize the theories
to heterogeneous materials.
In the case of heat conduction in a bar they set up the corresponding
partial differential equation and separated variables. This led them to
an equation of the form
(k(x)V ′(x))′ + (g(x)r − l(x)) = 0
with the boundary conditions
k(x)V ′(x)− hV(x) = 0 for x = α
k(x)V ′(x) + HV(x) = 0 for x = β
where V represents the unknown temperature, k, g and l are arbitrary
positive functions representing the physical properties of the bar and r
is a numerical parameter.
Fourier had solved several special cases of these equations where, k, g
and l had been explicitly given functions. In the general case considered
by Sturm and Liouville, where k, g and l are arbitrary functions, they
could not find an explicit expression for the solution. Still they (in
14 Liouville 1845b. A reconstruction of Liouville’s theory based on his unpublished
notes can be found in Lützen 1990, pp. 601 – 629.
15 Sturm also mentioned oscillatory motion of elastic solids and fluids as problems that
lead to the equations of Sturm-Liouville theory (Sturm 1836).
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particular Sturm) were able to deduce many properties of the solutions
from the equation itself. For example Sturm could show that there
are non-trivial solutions to the problem for a denumerable number of
(eigen)values of r and he proved theorems concerning the number of
zeroes and maxima and minima of these solutions (the oscillation and
separation theorems).
Combining Sturm’s results with those of his other friend Peter
Gustav Lejeune Dirichlet concerning ordinary trigonometric Fourier
series, Liouville was then able to prove that the “Fourier” series of
eigenfunctions corresponding to a piecewise continuous piecewise
monotonous function is convergent.16 He also published a proof that the
“Fourier” series converges to the expanded function but he later came to
realize that this proof was flawed.17
Sturm-Liouville theory was innovative not only because of its new
results, but mainly because of the nature of the results. Where earlier
works on differential equations had primarily dealt with finding explicit
expressions of the solutions, Sturm and Liouville focused on the qualita-
tive behavior of the solutions. This novel orientation of the results was
an important part of a general trend in mathematics of the 19th century
away from formula based quantitative mathematics and towards more
conceptual and qualitative theories. It is worth emphasizing that in
the case of Sturm-Liouville theory it was the generality of the physical
problem that forced Sturm and Liouville to make this fundamental
change in the course of mathematics. And when the next great advance
in the direction of a qualitative theory of differential equations was made
by Henri Poincaré late in the 19th century it was also prompted by a
physical problem namely the stability of the solar system.
3.4 Electrodynamics and differentiation of arbitrary order
As a last example of a theory developed by Liouville as a result of
inspiration from physics I shall mention his theory of differentiation of
arbitrary order. This theory deals with differential operators of the form
16 Liouville 1837
17 It was probably Dirichlet himself who called Liouville’s attention to the insufficiency
of the argument. For more information on this and Sturm’s and Liouville’s theories
in general see Lützen 1990, pp. 423 – 475.
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(d/dx)μ where μ is any complex number. The theory is particularly
useful when μ is a fraction, and therefore the theory is today often called
fractional calculus. Liouville seems to have developed this calculus in
order to solve a fundamental problem in Laplacian physics. According
to Pierre-Simon Laplace all phenomena of nature could and should be
explained as the result of elementary infinitesimal forces between the
smallest parts of matter and some imponderable fluids.18 The question
that Liouville wanted to solve was how to determine the infinitesimal
fundamental force laws from empirical measurements of necessary finite
interacting bodies.
He was introduced to this kind of problems in a series of lectures
in 1826 – 1827 at the Collège de France where Ampère explained his
newly developed electrodynamic theory. Ampère is often considered
as an anti-Laplacian but his electrodynamics still shares many ideas
with Laplace. In particular Ampère also wanted to explain all electric
and magnetic phenomena as a result of infinitesimal fundamental
interactions. But contrary to Laplace the forces did not act between
particles but between directed elements of a conductor.
In connection with Ampère’s lectures Liouville wrote lecture notes
that were corrected by Ampère himself. He also added some remarks
of his own, one of which was published as his first published paper.19
By 1832 he had discovered that the problem of the determination of
the infinitesimal fundamental force of Ampère’s electrodynamics and
more generally of Laplacian physics could be translated into integral
equations and he had discovered that these integral equations could be
reformulated as differential equations of fractional order. For example
in his first paper about his new calculus20 Liouville showed how Biot
and Savart’s law of attraction between an infinitesimal element mm′
of a conductor and a magnetic pole P could be determined when the
attraction f (y) between P and an infinite linear conductor MM′ is known
for all values of the distance y between the pole P and the conductor
(see Figure 1).
18 Fox 1974
19 Liouville 1829
20 Liouville 1832, pp. 15 – 20
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Liouville took it for granted that the attraction between P and mm′ is
of the form
ϕ(r) sin θ ds
where ds is the length of mm′, and θ is the angle made by MM′ and the
line, of length r, connecting P and the midpoint of the element.
M′
m′
m
P
M
θ
Figure 1
Interaction between a magnetic
pole P and a conductor M′M
The problem is to determine ϕ. Integrating the expression ϕ(r) sin θ ds
over the entire conductor MM′ Liouville found the following expression
for the total force
f (y) = 2y
∞∫
0
ϕ(
√
s2 + y2)√
s2 + y2
ds.
This is an integral equation from which φ must be determined. Liouville
transcribed the right hand side into a fractional integral, solved the
resulting fractional differential equation and found
ϕ(r) =
√−1√
π
r
d
1
2 ( f (r)/r)
d(r2)
1
2
.
Jean-Baptiste Biot and Félix Savart had shown that f (r) = k/r in which
case the solution becomes ϕ(r) = k/2r2 which gives the well known
Biot and Savart’s law.
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Liouville also showed how his calculus of arbitrary order also allowed
him to deduce Ampère’s fundamental law between conducting elements
and how one can determine the law of gravitation between point
masses if one experimentally knows the gravitational attraction between
different finite homogeneous bodies.
So here we see an example where a physical research program –
in this case Laplacian physics – led to the development of a whole
new mathematical theory – here Liouville’s fractional calculus. The
physical problem complex even determined some of the details of the
mathematical theory. Indeed, there exist several types of fractional
calculus, but the one developed by Liouville has the characteristic
property that it only works for functions that fall off sufficiently fast at
infinity. This property was dictated by the fact that Liouville designed
his calculus to deal with forces and potentials that go to zero at infinity.
4 Heinrich Hertz’s Principles of Mechanics.
Late 19th century
4.1 Pure mathematics? Neo-humanism
Around 1840 Germany gradually overtook France as the leading mathe-
matical nation. In contrast to the French polytechnic spirit mathematics
in Germany was mostly considered as a part of a neo-humanistic
movement. With the words attributed to Jacobi: “Mathematics exists
solely for the honor of the human mind”21. Though the purity of
mathematics became a more dominant feature in the self-understanding
of the mathematicians of the time, some historians have tended to
exaggerate the isolation of mathematics of the period.
As an example, let me mention the history of non-Euclidean geometry.
Historians from the late 19th century and the early 20th century tended
to tell this story as an internal mathematical story of the investigation
of a system of axioms (the Euclidean axioms) and in particular of the
dependence or independence of the parallel postulate. However, as
recent historians of mathematics such as Jeremy Gray22 have pointed
21 Fuchs 1967
22 Gray 1989
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out, the main actors in the history such as Gauss, Nikolai Ivanovich
Lobachevsky, Bernhard Riemann and Hermann von Helmholtz were
not particularly interested in axiom systems. They were much more
interested in the structure of space i. e. the physical space we live in and
in which physics plays out. The strategy followed by Riemann and to
some degree also by the other actors was to investigate first what are the
mathematically possible structures of space and then to test empirically
which of these possibilities we live in. In this way the development of
non-Euclidean geometry was very much part of a physical investigation.
Moreover, when non-Euclidean geometries were finally generally
accepted around 1870 they were immediately connected to mechanics.
Thus Wilhelm Killing wrote about Die Mechanik in den Nicht-Euklidischen
Raumformen23 and Rudolf Lipschitz and Gaston Darboux geometrized
ordinarymechanics. The idea of the two latter was to consider themotion
of a conservative system of points as the motion of one point in a high
dimensional configuration space. More precisely they showed how the
trajectory of the system could be considered as a geodesic in this space
equipped with a Riemannian metric formed from the potential energy
of the system. In this way they revealed a beautiful connection between
Hamilton-Jacobi theory in mechanics and some of Gauss’s theorems
concerning geometry of surfaces.24 Their inclusion of the forces (via
the potential) into the geometry can be viewed as an anticipation of an
important aspect of Albert Einstein’s general theory of relativity.
4.2 Heinrich Hertz’s mechanics
Another way to get rid of forces in mechanics was suggested by Heinrich
Hertz in his posthumously published Prinzipien der Mechanik in neuem
Zusammenhange dargestellt.25 This book presented a remarkable conglom-
erate of interacting novelties in physics, mathematics and philosophy.
I shall not enter into Hertz’s celebrated philosophy of images but stick
to the physical content of the book and the mathematical form it was
expressed in.26 The most characteristic feature of the physical content is
23 Killing 1885
24 Lützen 1995
25 Hertz 1894
26 For a more detailed analysis of all the novelties of the book see Lützen 2005.
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its exclusion of force as a primary physical entity. Rather than including
the forces into the geometry as Lipschitz and Darboux had done, Hertz
described forces as resulting from a hidden system of masses (an ether)
connected to the ordinary masses by rigid connections. He expressed
his mechanics in a geometrical form in which he introduced a special
(non-Euclidean) metric in configuration space.
According to Hertz himself the physical content and the mathematical
form of his mechanics were independent of each other, although they
were made to fit each other very well. When one studies the process
of creation of Hertz’s mechanics as it is revealed by his 5 surviving
drafts of the book one can see that in many places the interaction
betweenmathematics and physics wasmore intimate than Hertz’s public
statement suggests. I shall give two examples here.
4.3 Physics influences mathematics:
Reduced components of a vector
In the Prinzipien der Mechanik a central role is played by what Hertz
called “the reduced component of a vector quantity in a given direction”,
a concept corresponding to what is today called the covariant component
of a vector. This concept is absent from the first shorter drafts and only
appears towards the end of the first long draft27. In the beginning of
that draft Hertz had operated with unreduced components that gave an
unusual appearance to the laws of mechanics. However, when he had
derived an unusual version of Hamilton’s equations he introduced the
reduced components so that the equations got the more familiar form.28
This example shows that Hertz was inspired by themechanical formal-
ism to introduce an important geometric concept namely the covariant
component of a vector. The next example will show how conversely
the mathematical formalism led to important physical concepts in his
mechanics.
4.4 Mathematics influences physics: Massenteilchen
In Hertz’s mechanical image of the physical world all matter, ordinary
as well as hidden, is made up of infinitely many identical infinitely small
27 Deutsches Museum, Heinrich Hertz Nachlass, HS 2845, p. 51
28 For more information see Lützen 2005, pp. 181 – 185.
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Massenteilchen (small mass parts). These Massenteilchen have enjoyed
some fame because Ludwig Wittgenstein according to Gerd Grasshoff
modeled his idea of simple objects on them.29 When one reads Hertz’s
book the Massenteilchen seem to be introduced in order to give a simple
image of matter. In particular Hertz defined the mass of a material
particle as a number proportional to the number of Massenteilchen in it.
However Hertz’s drafts of the book show rather clearly that the
Massenteilchen were in fact originally introduced by Hertz in order
to make the line element of the geometry work. In the published book
Hertz defined the length ds of an infinitesimal displacement of a system
of masses by the formula
mds2 =
3n
∑
μ=1
mμ dx2μ, (1)
where m is the total mass of the system, mμ is the mass of one of the
particles of the system and dxμ is the change of one of its rectangular
coordinates. However, in the first drafts Hertz had not worked with
this weighted quadratic mean value but with the unweighted quadratic
mean value
ds2 =
3n
∑
μ=1
dx2. (2)
In the first long draft Hertz also first defined the length of the displace-
ment as follows:
“The magnitude of the displacement of a system of material points
will be measured [by the quadratic mean value of the displace-
ments of the masses of the system].”30
However he immediately crossed out the bracketed end of this sentence
and replaced it with the following: “by the quadratic mean value of the
displacement of all the Massenteilchen of the system”.
At the same time he seems to have returned to the definition of mass on
p. 1 of the draft and intercalated a definition of the Massenteilchen and a
statement of the definition of mass of a material point as proportional to
29 Grasshoff 1998
30 Deutsches Museum, Heinrich Hertz Nachlass, HS 2845, p. 2
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the number of the Massenteilchen it is made up of. With this definition
at hand Hertz could then deduce the formula (1) of the magnitude of
the displacement from the quadratic mean value of the Massenteilchen.
So it seems as though Hertz had become aware of the superiority of
the weighted line element (1) over the Euclidean one (2). For example
this allowed him to define the energy of the system by the usual formula
E = 12m(ds/dt)
2. Moreover he seems to have preferred to define the
length of the displacement as a (Euclidean) quadratic mean value. And
he seems to have discovered that a way out would be to introduce the
Massenteilchen.31
If this reconstruction of Hertz’s road to the Massenteilchen is correct,
it was the geometric form (the line element) that led Hertz to introduce
the central physical concept of Massenteilchen into his mechanics.
So in the development of Hertz’s mechanics we find examples of
mathematics influencing physics as well as physics influencing mathe-
matics.
5 The theory of distributions.
Early and mid-20th century
5.1 Mathematical autonomy and structures
Before the end of the 19th century most philosophers connected math-
ematics to the real world. For Plato mathematics dealt with ideal
reality and for Aristotle it was an abstract description of the real world.
According to Immanuel Kant mathematics was an a priori construction
in intuition but it was synthetic and a necessary precondition for our
ordering of sense perceptions. From around 1870 mathematics gradually
lost its philosophical tie to the real world and Non-Euclidean geometry
was partly responsible for this change. Non-Euclidean geometries
were shown to be just as consistent as Euclidean geometry. And
even though only one geometry might turn out to describe physical
space mathematicians decided that all geometries were worthy of
study. In principle reality had no longer any say over which axioms
mathematicians could chose to base their theories on. Axioms became in
31 For a more complete analysis see Lützen 2005, pp. 146 – 158.
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principle arbitrary (but hopefully consistent) points of departure of our
reasoning and mathematics became (in the view of the Bourbakists) a
study of mathematical structures. In this formalist view of mathematics,
the applicability of mathematics to the real world became unreasonable
in Eugene Wigner’s words32.
However, as explained in the introduction physics continued to
influence many areas of mathematics. As an example I shall consider
the development of the theory of distributions.
5.2 Distributions: a functional analytic generalization
of functions
In the period 1945 – 1950 Laurent Schwartz developed a generalization of
the concept of function.33 He defined a distribution as a continuous linear
functional on the space C∞c of infinitely often differentiable functions
with compact support on the real axis. An ordinary (locally integrable)
function f defines a distribution
ϕ →
∞∫
−∞
f (x)ϕ(x)dx.
But it is not all distributions that are defined in this way from a function.
For example one can define the so-called δ-distribution as the functional
that maps a test function in C∞c into its value at 0: δ(ϕ) = ϕ(0). However
there is no ordinary function δ(x) that satisfies
∞∫
−∞
δ(x)ϕ(x)dx = ϕ(0) (3)
for all test functions ϕ. In this sense distributions can be considered
generalized functions.
Schwartz’s definition of distributions and the theory of these objects
relied in an essential way on the 20th century abstract mathematical
structures more specifically on functional analysis. And Schwartz
himself was a member of the Bourbaki group who wrote the series
of books Élements de Mathématiques that epitomized the new structural
view of mathematics.
32 Wigner 1960
33 Schwartz 1950 – 51
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5.3 Early δ-functions
Yet, the inspiration for the new theory of distributions came from physics.
In fact distributions, in particular the δ-function had turned up more
than a century earlier in connection with various physical theories. In
Fourier’s theory of heat conduction (1822) the δ-function appeared in
connection with the corresponding trigonometric series. For example
Fourier deduced the identity
F(x) =
1
π
π∫
−π
F(α)
(
1
2
+
∞
∑
i=1
cos i(x − α)
)
dα.
This intuitively means that 1π
(
1
2 +
∞
∑
i=1
cos i(x − α)
)
must represent
δ(x − α). However, in his edition of Fourier’s collected works Darboux,
in conformity with the rigorous classical ideas of his time, declared that
this series is divergent and thus does not make any sense.34
Still, around the same time the δ-function was used by Gustav
Kirchhoff in connection with electrostatics and the Greens function.35
He defined it as a function that is zero for every finite value of x but
such that∫
δ(x)dx = 1.
In Oliver Heaviside’s operational calculus that was designed to solve
problems of telegraphy the δ-function played a central role. Heaviside
defined it as the derivative of the Heaviside step function which is 0
on the negative real axis and 1 on the positive real axis. Also its higher
derivatives were used by Heaviside.36
However, the δ-function only received its name and its great fame
when Paul Dirac used it in 1926 in his new formalism of quantum
mechanics.37 He defined it similarly to Kirchhoff and remarked that it
must have the property (3).
34 See Fourier 1888, p. 234 and the footnote on that page. For a more thorough
discussion of the prehistory of the theory of distributions see Lützen 1982. The
early use of the δ-function is discussed on pp. 110 – 143.
35 Kirchhoff 1882
36 Heaviside 1899
37 Dirac 1926
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Despite the great efficiency and elegance of Dirac’s formalism his use
of the δ-function was criticized by John von Neumann. Von Neumann
pointed out that there does not exist a proper functionwith the properties
that the δ-function was supposed to have, and so he made his own
alternative foundation of quantum mechanics based on an abstract
Hilbert space.38
The appearance of improper functions like the δ-function was only
one of the sources of inspiration for Laurent Schwartz’s invention of the
theory of distributions.
5.4 Generalized solutions of partial differential equations
The most direct inspiration for Schwartz was the attempts to give
meaning to generalized solutions of partial differential equations. This
problem went back several hundred years to the discussions in the
middle of the 18th century about the vibrating string. Here Jean le Rond
d’Alembert had shown that if f is an arbitrary function, f (x − t) would
satisfy the wave equation
∂2 f
∂x2
=
∂2 f
∂t2
.
Classically one must require that f is twice differentiable but from the
point of view of physics waves with corners are entirely feasible. This
had already made Leonhard Euler claim that physics will force us to
reconsider the concept of function and the concept of a solution to a
partial differential equation. However, with the advent of rigorous
analysis of the 19th century Euler’s call for generalization was mostly
overheard by mathematicians. Only at the beginning of the 20th century
several mathematicians developed different concepts of a generalized
solution of a partial differential equation. In most of these theories
f (x − t) is a generalized solution of the wave equation also when f is
not differentiable.
Laurent Schwartz also began his approach to distribution theory by
developing a concept of generalized solutions of partial differential
equations. But he was not entirely satisfied with his approach because it
did not make sense of the derivatives on the right hand and left hand
38 Von Neumann 1927
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side of the wave equation separately. Schwartz wanted a theory where
the derivative f ′ made sense also for non differentiable functions.
In 1945 he found the answer. First he developed a theory of what he
called convolution operators and some months later he simplified the
theory and defined a generalized function as a functional, as described
above.39 In fact Schwartz had been anticipated by Sergei Sobolev in
1936, but Sobolev had not developed the theory as far as Schwartz did.40
5.5 Generalized Fourier transform
Another problem-complex that also inspired Schwartz in his approach
to distributions was the generalization of the Fourier transform. This
transform was of great utility in the theory of differential equations
but its scope was limited by the fact that its classical version only
applies to functions that decrease sufficiently fast at infinity. During the
period 1925 – 1927 Hans Hahn, Norbert Wiener (who used it to rigorize
Heaviside’s operational calculus) and Salomon Bochner developed
different generalizations of the Fourier transform that overcame this
limitation. Schwartz realized how the theory of distributions could
generalize their approach even further and make it much more elegant
and symmetric.41
5.6 Distributions between structuralism and applications
Thus the theory of distributions was developed as a remedy of problems
that had arisen in connection with physical applications of mathematics,
either directly as in the case of the improper δ-function or indirectly as
in connection with the attempts to generalize the notion of a solution of
a differential equation and the Fourier transform, attempts that were in
turn made necessary by physical applications. But the solution of the
problems was found in the highly structural field of functional analysis.
39 A more extensive account of the development of generalized solutions of partial
differential equations can be found in Lützen 1982, pp. 13 – 72. Schwartz’s road to
the theory of distributions is described on pp. 148 – 158 of the same book and in
Schwartz’s autobiography: Schwartz 1997.
40 Sobolev 1936
41 This aspect in the prehistory of distributions is discussed in more detail in Lützen
1982, pp. 73 – 91.
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When distributions had been created they in turn led to further
developments in functional analysis. In particular Jean Dieudonné
suggested to Schwartz that the concept of convergence of a series of
distributions ought to be derived from a suitable topology on the space
of distributions. Schwartz and Dieudonné in collaboration then invented
this topology, the first example of a so-called LF-topology.42
6 Conclusion
In this paper I have given a number of examples of interactions between
mathematics and physics. In particular I have shown that physics often
influences mathematics both by suggesting problems to be solved and
by pointing to ways to solve them. I have shown that such interactions
have taken place all through the 19th and 20th century although the
philosophical ideas about the relation between the two fields have
changed dramatically during this period. Finally, I have tried to argue
that this physical influence on mathematics is partly responsible for the
effectiveness of mathematics in the description of physical phenomena.
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